The problem of reduction of multisymplectic manifolds by the action of Lie groups is stated and discussed, as a previous step to give a fully covariant scheme of reduction for classical field theories with symmetries.
Introduction
Multisymplectic manifolds constitute one of the most used and generic geometric frameworks for classical field theories. Then, the covariant reduction of field theories by symmetries requires, as a previous step, to study the reduction of multisymplectic manifolds. This procedure should be based on the pioneering Marsden-Weinstein technique of reduction of symplectic manifolds [32] which was applied later to many different situations such as, for instance, the reduction of autonomous and non-autonomous Hamiltonian and Lagrangian systems (regular or singular) [1, 3, 10, 17, 18, 22, 24, 37] , non-holonomic systems [4, 7, 11, 27] , control systems [6, 21, 33, 35, 39, 40] , and in other cases (Poisson, Dirac, Euler-Poincaré, Routh and implicit reduction) [5, 16, 29, 30, 31] .
In relation to the problem of reduction of classical field theories, only partial results have been achieved in the context of Lagrangian, Poisson and Euler-Poincaré reduction, and other particular situations in multisymplectic field theories [8, 13, 14, 15, 23, 26, 38, 41] . Nevertheless, the problem of establishing a complete scheme of reduction for the multisymplectic case (in the line of the Marsden-Weinstein theorem), which should give a fully covariant reduction of the theory, is still unsolved.
The aim of this letter is to review the statement of the problem and give some insights in this way. In particular, a brief discussion about Noether invariants in Lagrangian field theory illustrates these considerations.
In this paper, manifolds are real, paracompact, connected and C ∞ , and maps are C ∞ .
Multisymplectic manifolds. Actions of Lie groups
Let M be a m-dimensional differentiable manifold, and Ω ∈ Ω k+1 (M) a differentiable form in M (k + 1 ≤ m). For every x ∈ M, the form Ω x eestablish a correspondenceΩ r (x) between the set of r-vectors, Λ r T x M, and the set of (k + 1 − r)-forms,
Thus, an r-vector field X ∈ X r (M) (that is, a section of Λ r TM) defines a contraction i(X) of degree r of the algebra of differential forms in M. The (k + 1)-form Ω is 1-nondegenerate if
A couple (M, Ω) is a multisymplectic manifold if Ω is closed and 1-nondegenerate. The degree k + 1 of the form Ω will be called the degree of the multisymplectic manifold. X ∈ X(M) is a Hamiltonian vector field if i(X)Ω is an exact k-form; that is, there exists ζ ∈ Ω k−1 (M) such that
(1)
defined by ζ is called the Hamiltonian for X, and every element in this class is a Hamiltonian form for X. Furthermore,
there is an open neighbourhood W ⊂ M and ζ ∈ Ω k−1 (W ) such that (1) holds on W . As above, changing M by W , we obtain the Hamiltonian for X,ζ ∈ Ω k−1 (W )/Z k−1 (W ), and the local Hamiltonian forms for X.
is a Hamiltonian form (resp. a local Hamiltonian form) if there exist a vector field X ζ ∈ X(M) (resp. X ζ ∈ X(M)) such that (1) There is a natural Lie algebra structure on H k−1 (M) given by (see [12, 19] ) {ξ, ζ} := − i(Xξ) i(Xζ)Ω .
Definition 1 Let Φ : G × M → M be an action of a Lie group G on a multisymplectic manifold (M, Ω). We say that Φ is a multisymplectic action (or also that G acts multisymplectically on M by Φ) if, for every g ∈ G, Φ g is a multisymplectomorphism, that is, Φ * g Ω = Ω. Then M is a multisymplectic G-space, or also that G is a symmetry group of (M, Ω).
We denote byg ⊂ X(M) the real Lie algebra of fundamental vector fields. As a consequence of the definition, the fundamental vector fieldξ ∈g associated with every ξ ∈ g by Φ is a locally Hamiltonian vector field,ξ ∈ X lh (M) (conversely, if for everyξ ∈ g, we have thatξ ∈ X lh (M), then Φ is a multisymplectic action of G on M). So we have that, for every ξ ∈ g, L(ξ)Ω = 0 or, what is equivalent, i(ξ)Ω ∈ Z k (M) (it is a closed k-form). Then, following the same terminology as for actions of Lie groups on symplectic manifolds [2] , [25] , [42] , we define:
is an exact form. Otherwise, it is called a locally Hamiltonian action.
In particular, if (M, Ω) is an exact multisymplectic manifold (that is, there exists Θ ∈ Ω k (M) such that dΘ = Ω), and Φ an exact action; that is, Φ *
and, for everyξ ∈g, its Hamiltonian form is ζ ξ = − i(ξ)Θ. Hence, Φ is strongly multisymplectic.
Momentum map for multisymplectic actions
From now on (M, Ω) will be a m-dimensional multisymplectic manifold of degree k + 1, and Φ : G × M → M a strongly multisymplectic action of a Lie group G on M, with dim G = n.
A momentum map associated with Φ is a map J :
The comomentum maps are parametrized by L R (g, Z k−1 (M)); that is, the real space of the linear maps from g to Z k−1 (M). In fact, if F : g → Z k−1 (M) is a continuous linear map, and J * is a comomentum map, so is
, and we have that
is a skewsymmetric bilinear map. Then the comomentum map is a Lie algebra homomorphism if, and only if, γ = 0.
Definition 4 Φ is a Poissonian or strongly Hamiltonian action if there exists a comomentum map which is a Lie algebra homomorphism; that is,
Φ is a Coad-equivariant action if there exists a momentum map which is Ad * -equivariant; that is, for every g ∈ G, we have the following commutative diagram:
Using the same reasoning than for actions of Lie groups on symplectic manifolds [2] , one can prove that every Coad-equivariant action is Poissonian. As a particular case we have:
is an exact multisymplectic manifold with Ω = dΘ, and the action Φ is exact, then a comomentum map exists which is given by J * (ξ) = − i(ξ)Θ, ξ ∈ g, and the action is Coad-equivariant and Poissonian.
( Proof ) In fact, for every x ∈ M, ξ ∈ g, and X 1 , . . . , X k−1 ∈ T x M, we have that
but, bearing in mind that (Ad g ξ) = Φ g −1 * ξ , we have Φ and hence
thus the action is Coad-equivariant. Hence it is Poissonian too, and
4 Momentum-type submanifolds and multisymplectic reduction
Definition 5 A submanifold S of M, with natural embedding j S : S ֒→ M, is a momentum-type submanifold if:
1. S is a closed submanifold of M.
2. j * S i(ξ)Ω = 0, for every ξ ∈ g; that is, S is an integral submanifold of the exterior differential system {i(ξ)Ω ; ξ ∈ g}.
3. S is maximal, in the order eestablished by the inclusion, among all the submanifolds verifying the above conditions.
Let G S ⊂ G be the maximal subgroup of G (with respect to the inclusion) that leaves S invariant (the isotropy group of S).
Consider the submodule G ⊂ X(M) defined by G := C ∞ (M) ⊗ Rg . This module generates the distribution tangent to the orbits of the action of G on M; that is, if G p denotes the orbit passing through p ∈ M, and ξ 1 , . . . , ξ n is a basis of g, then
If S is a closed submanifold of M, and g S ⊂ g is the Lie subalgebra associated with G S , we define G S := C ∞ (M) ⊗ RgS . Then, for every momentum-type submanifold S we have that G S is a submodule closed under the Lie bracket. Observe that, for everyξ ∈ G S , asξ is tangent to S, there existsξ S ∈ X(S) such that j S * ξS =ξ| S , and we have that
Consider the ideal N ul(S) := {f ∈ C ∞ (M) | j * S f = 0}, and let X(S) be the set of vector fields in M which are tangent to S, that is, X(S) := {X ∈ X(M) | L(X)(N ul(S)) ⊂ N ul(S)}. Then we have the following obvious result:
Proposition 2 Let S be a closed submanifold of M with dim S ≥ k, and let X k (S) be the set of k-vector fields in M which are tangent to S. Then S is an integral submanifold of the exterior differential system {i(ξ)Ω ; ξ ∈ g} if, and only if,
where (X
, then, the condition for S to be an integral submanifold of the above exterior differential system is that
(which is a condition on s = dim S). In particular,
Definition 6 Let S be a momentum-type submanifold. S will be called an optimal momentum-type submanifold if
In particular, S will be called a maximal momentum-type submanifold if (4) holds.
Let j S : S ֒→ M be a momentum-type submanifold, with dim S ≥ k + 1. Denote ω = j * S Ω ∈ Ω k+1 (S), which is a closed but, in general, 1-degenerate form, and let K ω be the distribution associated with ker ω (the characteristic distribution of ω). We have that G S is an involutive distribution (also denoted by G S ) which, as a consequence of (2), is a subbundle of K ω . Therefore:
Theorem 1 If the action of G S on S is free and proper then:
1. S/G S is a differentiable manifold and the projection π : S → S/G S is a surjective submersion.
2. There exists an unique closed formω ∈ Ω k+1 (S/G S ) such that π * ω = ω.
(Observe that, as G S ⊆ K ω , thenω is 1-degenerate, in general).
( Proof ) The proof of the item 1 follows the same pattern as in the classical theorems of reduction (see [2] , [25] , [32] ). For the second item, from (2), it is easy to prove that ω is a π-basic form. Thus the existence ofω is assured, and it is obviously a closed form. The uniqueness is a consequence of the fact that π is a surjective submersion, and hence π * is injective.
Remarks:
• If dim S < k + 1 then ω = 0 and the result is trivial. Moreover dim S/G S ≥ k + 1, as G S ⊂ K ω .
• Observe that if we make the quotient S/ ker ω we obtain a reduced formω ∈ Ω k+1 (S/ ker ω) which is nondegenerate (that is, multisymplectic), but then we have removed more degrees of freedom than the corresponding to the symmetries introduced by the group G.
• In the case of reduction of symplectic and presymplectic manifolds, if the action is Poissonian (that is, there exist a momentum map J : M → g * , which is Ad * -equivariant), there is a natural way of obtaining momentum-type submanifolds: they are the level sets of the momentum map, J −1 (µ), for every weakly regular value µ ∈ g * . These level sets are the maximal integral submanifolds of the Pfaff system {i(ξ)Ω = 0 , ∀ξ ∈ g} [22] , and all of them are optimal momentum-type submanifolds, since in these cases k = 1 and the equality in (3) holds since it reduces to s = n − m.
• In the multisymplectic case, the momentum map J associated with a Poissonian action allows us to define an exterior differential system which is generated by the forms {i(ξ)Ω = dJ * (ξ) , ξ ∈ g}, and whose maximal integral submanifolds are momentum-type submanifolds, wich are called the integral submanifolds of the momentum map J . Then, theorem 1 holds in this context.
Noether invariants in Lagrangian field theory
A Lagrangian field theory is characterized giving a configuration bundle π : E → M , where M is a k-dimensional oriented manifold with volume form ω ∈ Ω k (M ), and a Lagrangian density which is aπ 1 -semibasic k-form on J 1 π, where π 1 : J 1 π → E is the jet bundle of local sections of π, and π 1 = π • π 1 : J 1 π −→ M gives another fiber bundle structure. We have that L = £π 1 * ω, where Let (J 1 π, Ω L ) be a regular Lagrangian system, and Φ : G × J 1 π → J 1 π be an action of a Lie group G on J 1 π. If Φ is an exact action (hence strongly multisymplectic), and Φ * g £ = £, for every g ∈ G, then G is a symmetry group of (J 1 π, Ω L ). Therefore, as described above, a comomentum map exists for which the action is Coad-equivariant and Poissonian, and it is given by
But i(ξ)ΘL are just the Noether invariants associated with this symmetry group. In fact, Noether's theorem states that, for every φ ∈ Γ(π) solution to the field equations, from L(ξ)ΘL = d i(ξ)ΘL + i(ξ)dΘL = 0, for every ξ ∈ g, we have
Observe that (j 1 φ) * i(ξ)ΩL = 0 implies that {d i(ξ)ΘL = i(ξ)ΩL , ξ ∈ g} = [X k (Im j 1 φ)] ′ , and then, for every φ ∈ Γ(π) solution, Im j 1 φ are momentum-type submanifolds of J 1 π. So, we call them G-Noether-type submanifolds. All of this allows us to state: Proposition 3 If N G is a G-Noether-type submanifolds which contains a Cauchy data submanifold S, and φ is a solution to the field equations on it, then Im j 1 φ ⊂ N G .
The remaining question is under what conditions the reduction procedure described above can be applied to reduce the field equations. Results in this way have been already obtained [23, 38] .
Observe also that, if J ′ * is another comomentum map, then
Thus, it is obvious that the construction of G-Noether-type submanifolds depends only on the group action, and not on the choice of a comomentum map. The relevant fact is the existence of the comomentum map given by (5).
It is interesting to point out that, in the realm of first-order Lagrangian field theories, the existence of momentum-type submanifolds is assured (the images of the sections solution to the field equations). Nevertheless, we cannot assure the existence of those manifolds verifying the condition of maximal dimensionality (i.e., for being maximal momentum-type submanifolds).
Discussion and outlook
Recently, a very generic scheme of reduction in the ambient of the so-called k-symplectic or polysymplectic formulations of classical field theories has been completed [28] , eestablishing sufficient conditions in order to do this reduction possible. In a previous paper [36] , the relation between the k-symplectic (polysymplectic) and the multisymplectic formalisms (for certain kinds of multisymplectic manifolds) was studied. Bearing in mind this relationship and the results in [28] , we could study also the equivalence between the k-symplectic reduction and a suitable reduction programme for the multisymplectic case. This line of work will be the object of a future research.
Finally, another way of approaching the problem of the multisymplectic reduction could be using the so-called higher-Dirac structures, since the reduction of these types of structures would generalize the multisimplectic and polysimplectic reduction, in the same way that the reduction of Dirac structures encompasses other reduction procedures such as the symplectic (MarsdenWeinstein), presymplectic and Poisson cases [9] .
